INTRODUCTION
During the last few years, there has been an explosion of information in the field of well-test analysis. Because of increased physical understanding of transient fluid flow, it is possible to analyze t.l:ie entire pressure history of a well test not just long-time data as in conventional analysis.i It is now often possible to specify the time of beginning of the correct semilog straight line and determine whether the correct straight line has been properly identified. It is also possible to identify well bore storage effects, and the nature of wellbore stimulation as to permeability improvement, or fractU"ring, and to quantitatively analyze. those effects.
Such accomplishments have been augmented by attempts to understand the short-time pressure data from well testing -data that were often classified as too complex for analysis. One recent study of short-time pressure behavior 2 showed that it was important to specify the physical nature of the stimulation in considering the behavior of a stimulated well. That is, stating that the van Everdingen -Hurst infinitesimal skin effect was negati ve was not sufficient to define short-time well behavior. For instance, acidized (but not acid-fractured) and hydraulically fractured wells might not necessarily exhibit the same behavior at early times, even though they could possess the same value of negative skin effect.
In the same manner, hydraulic fracturing leading to horizontal or vertical fractures could produce the same skin effect, but with possibly different shorttime pressure data. This could then provide a way to determine the orientation of fractures created by this type of well stimulation. In fact, it is generally agreed that hydraulic fracturing usually results in one vertical fracture, the plane of which includes the wellbore. Most studies of the flow behavior for a fractured well consider vertical fractures only. [3] [4] [5] [6] [7] [8] [9] [10] [11] Yet it is also agreed that horizontal fractures could occur in shallow formations. Furthermore, It wo~ld appear that notch-fracturing would lead to hOClzontal fractures. Surprisingly, no detailed study of ~e horizontal fracture case had been performed untIl recently.12 A solution to this problem was presented by Gringarten and Ramey.13 In the course of their s~dy, it was found that a large variety of new tranSIent pressure behavior solutions useful in well and reservoir analysis could be constructed from instantaneous Green's functions. 14 Possibilities included a well with a single vertical ~racture in an infinite reservoir, or at any location In a rectangle.
Although similar cases had been studied before by van Everdingen and Meyer,ll and by Russell and Truitt,S there were confusing differences in their respective results, and small inconsistencies between the cases of Ref. 8 made short-time analysis impossible. Both explicit and implicit finite-difference solutions and finite-element solutions were made for the vertical fracture case of Russell and Truitt in an attempt to eliminate differences between Refs. 8 and 11, and internal differences between cases in Ref. 8 . It was not pos sible to reach satisfactory conclusions for the short-time performance region with even very long computer runs with either finite-difference or finite-element 12 programs. For this reason, it was decided to evaluate analytical solutions to provide a sound basis for short-time analysis of field data. In the course of the work, to provide a direct comparison with the Russell and Truitt data it became necessary to develop analytical solutions for fracture cases in which the fluid entry flux along the fracture caused a constant pressure along the fracture (infinite fracture conductivity). It also appeared worthwhile to evaluate the new solutions so that vertical fracture behavior could be compared with horizontal fracture behavior in infinite reservoirs. The new solutions for vertically fractured wells are especially useful for short-time or type-curve analysis. Such an analysis can provide information concerning permeabilities, fracture 3-&7 length, and distance to a symmetrical drainage limit. Combination of short-time analy~is with older conventional semilog analytical methods permits an extraordinary confidence level concerning the analysis of field data.
VER TICALL Y FRACTURED WELL IN AN INFINITE RESERVOIR
We model a plane (zero-thickness) vertical fracture totally penetrating a horizontal, homogeneous, and isotropic reservoir initially at constant 'pressure. At time zero, a single-phase, slightly compressible fluid flows from the reservoir into the fracture at a constant total rate. The producing pressure is uniform over the fracture (infinite fracture conductivity). The pressure remains constant and equal to the initial pressure as distance from the well becomes infinitely large (infinite reservoir).
An analytical expression for the pressure di stribution created by the plane vertical fracture may be obtained by the Green's function and product s.olution method,22 using source functions presented by Gringarten and Ramey) 
The pressure drop created by the fracture IS obtained from Ref. 14, Table 5 :
. . . . . . . . . . (3) J?e coordinate system in Fig. 1 occurs in the case of flow to a constant-rate well with wellbore storage. Wellbore storage causes the sand-face production rate to change as a function of time initially. But after some initial period, the sand-face rate reaches the constant surface rate (within a specified percentage), and thereafter the producing pressure is equal to that of a well whose sand-face rate had been constant from the start of production. The pressure is independent of the production history! The same son of observation was made in another reservoir problem by Carter and Tracy.23 By solving the system of Eqs. 1 and 2 for the stabilized flux distribution one can obtain a longtime solution for the pressure, whereas an early-time solution can be obtained by assuming uniform flux. We shall show that these also provide an excellent approximation for the pressure distribution at all times.
EARLY-TIME SOLUTION Integrating Eq. 3 with respect to x w' the dimensionless pressure drop can be written as
The dimensionless space and time variables in Eq. -1Ynl erfc <IYnl/2~) . . . (10) Pn<lxnl>l,yn,tn) = 0 and, along the fracture, which is the conventional result for flow in a linear system. In this case, there is flow into both sides of the fracture. 
J ..... (15) where TD = T/X[ is the dimensionless distance to the axis of the fracture. Eq. 14 has a form similar to the long-time approximation of the pressure function for radial flow 17 Eq. 19 cannot be expressed in terms of tabulated functions, and must be evaluated with a computer, except in the plane of the fracture (Yv = 0), where it becomes
Eq. 20 shows that pressure will vary along the fracture length (except at early times), which would not be true if the fracture had infinite conductivity. However, the pressure drop along the fracture is low, and the uniform flux condition gives the appearance of a high, but not infinite, fracture conducti vi ty. Some field data appear to match thi s solution better than the infinite-conductivity solution.
AUGliST.197.
One useful the pressure (xV = 0, tv = expression for well test analysis is drop on the aXIs of the fracture 0):
PwD(t D ) has been listed vs tD in Table 1, and in the plane of the fracture,
. (23) The system of linear equations given by Eqs. 17 and 18 must be solved for 2qm hx/1 qt' which represents the ratio of the flux per unit length in the mth segment, qm' to the flux per unit length in the uniform flux fracture case, q/2hx/. The stabili zed value of 2qmhx/1 q/ along the half-fracture length is shown in Fig. 5 . Although uniform pressure in the fracture can be obtained with as little as 10 segments, it is necessary to use enough divisions obtain a stabilized value of 0D(!xD!<I, 0) = 0wD in the fracture, as indicated by Fig. 6 . The change in 0wD is less than 5 x 10-5 when the number of fracture segments is increased from 59 to 60. In this study, we have used 90 segments to obtain a stabilized value of 0wD in the fracture equal to -0.305. This value of 0wD can be guaranteed to within 0.1 percent. The precision of determinatiDn of the dimensionless pressure given by Eq. 14 is, of course, much higher. Eq. 14 then yields for the long-time pressure drop on the fracture, '" a. . .. 
VERTICALLY FRACTURED WELL IN A RECTANGULAR CLOSED RESERVOIR
When a reservoir is in an early stage of depletion, the production of a particular well is not perturbed by the existence of other wells or by boundary effects. After a while this is no longer true, and a new solution must be developed that considers the reservoir boundaries or the effect of the other wells. Fig. 10 presents a schematic of a vertically fractured well in a rectangular, closed drainage system. Two types of fracture will be considered --uniform flux and infinite conductivity --but, as in the infinite-reservoir case, it is only necessary to derive the dimensionless pressure drop for the uniform flux fracture. This is obtained immediately by whereas a zero fracture penetration ratio (xjlxe = 0) corresponds to an unfractured well in a square reservoir, which is a different problem.
Three different flow periods can be characterized for both types of fractures: a linear flow period occurs at early times. This corresponds to the one-half slope straight line in log-log coordinates (Figs. 4 and 9) . After a period of transition, there is a pseudoradial flow period corresponding to the semilog straight line (Figs. 3 and 8) . After a second period of transition, pseudosteady state occurs, which is characterized by an approximate unit slope straight line in log-log coordinates. Depending upon xe1x/, one or more of these different flow periods may be missing; in the total fracture penetration case (xe/xi == 1), for instance, the first transition period and the pseudoradial period do not appear, whereas only the pseudoradial period is missing for values of xe/xi between J and 3 (uniform flux fracture), or 1 and 5 (infinite-conductivity fracture).
DISCUSSION OF VERTICAL FRACTURE SOLUTIONS
A comparison has been made in Table 4 
Russell and Truitt did not provide results for a vertically fractured well in an infinite reservoir, but such can be extracted from their results by desuperposition. The behavior of a fractured well in a square is identical with that of an infinite system containing a square array of fractured wells. The square array could be constructed by superposi tion of single fractured wells in infinite 9 We realize that the pressure drop at a great distance from a fractured well produced at constant rate is essentially identical with the pressure drop caused by an unfractured well. Thus, the behavior of a fractured well in a closed square may be approximated by generating the drainage boundaries with un fractured wells, if xe1x/ is large enough. This simple approach can also be used to extract the behavior of a fractured well in an infinite medium from that of a fractured well in a closed square. This can be stated as follows: the PD for a fractured well in an infinite medium is equal to the PD for a fractured well in a closed square, less the P D for an unfractured well in a closed square, plus the PD for an unfractured well in an infinite medium. The method has been applied to both the current analytical solutions and Russell-Truitt solutions for an infinite-conductivity fracrure in a closed square reservoir (Table 4 and Fig. 13) . The data for an unfractured well In a An interesting interpretation of the behavior of a vertically fractured well can be made in terms of an equivalent unfractured system. Prats 5 has shown that an infinite-conductivity vertical fracture, producing an incompressible fluid from a closed circular reservoir at steady state, is equivalent to an unfractured well with an effective radius equal to a quarter of the total fracture length, for ratios of the reservoir radius to the fracture half length greater than 2. The same is true, within 7 percent, erfc(x)
-e:d (x)
Units: CGS umts are used throughout this study.
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